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It has been almost ten years since the discovery of high-T c cuprate superconductors.
1 Although some important aspects of the physical origin of their superconductivity remain controversial, a set of characteristic features has been established. It has been found that pairing exists, between holes rather than electrons, and that superconductivity occurs at low carrier concentration with a short coherence length.
Theoretical models which consider the local interactions seem appropriate to describe the short-range electron or hole pairings. The Hubbard model is one of the simplest and general models expressed in terms of local interactions and it is used to study the many-body aspects of electronic properties in solids. Recently, the Hubbard model has been the subject of renewed interest due to the fact that it contains the basic ingredients to investigate the narrow-band electronic correlation and the dynamics of electron pairs, which are believed to be relevant for explaining not only unconventional types of superconductivity but also unusual normal-state properties.
2
The single-band extended Hubbard Hamiltonian ͑EHH͒ can be written as
where ͗i, j͘ denotes nearest-neighbor sites, c i, † (c i, ) is the creation ͑annihilation͒ operator with spin ϭ↓ or ↑ at site i, and
It is important to mention that in principle U and V are positive because they are direct Coulomb integrals. However, U and V could be negative if attractive indirect interactions through phonons or other bosonic excitations are included and they are stronger than the direct Coulomb repulsion.
When a particle-hole transformation 3 is made in the EHH, c i, † → h i, , the Hamiltonian becomes
where N is the total number of sites, Z is the lattice coordination number, h i, † (h i, ) is the hole creation ͑annihilation͒ operator, and n i
The first term in Eq. ͑2͒ only contributes to a shift in the total energy, and so holes also interact via a Hubbard model. However, there are two crucial differences between the electron and hole cases: the density of holes is 1Ϫn in terms of the electron density (n) and the signs of the hopping parameter are opposite, which is irrelevant for the band structure of a bipartite lattice.
The effects of lattice symmetry on electronic correlation is an interesting and not very widely studied subject. There are peculiar behaviors of electronic instabilities on nonbipartite lattices. For instance, a strong-coupling analysis on triangular lattices indicates that the charge density wave state cannot be formed for any band filling due to frustration. 4 In particular, the two-particle problem is the simplest case in which electronic correlation can be analyzed in a nonperturbative way. Historically, the problem has been extensively studied in bipartite lattices. 5 In this paper, pairings between electrons and between holes in a triangular lattice are analyzed. The analysis is done following a mapping method previously reported 6 and its extension to triangular lattices is given in Ref. 7 .
For the case of two spin-half particles, the total spin could be one ͑spin triplet͒ or zero ͑spin singlet͒. In the latter case, the spatial part of the wave function is symmetrical under interchange of the particles because the spin part is antisymmetrical. In the former, the spatial wave function is antisymmetrical, which is equivalent to being antisymmetrical under reflection through the central site ͑with self-energy U) on the mapped network of states ͓e.g., see Fig. 1͑b͔͒ . It is worth mentioning that spin-triplet pairing is independent of the onsite interaction U since the amplitude of the wave function is always null at the center impurity. Finally, it is important to remember that the noninteracting hole ground state is doubly degenerate. Its wave functions are shown in Fig. 1 , where the amplitudes a and b are determined by the normalization condition and they are related by bϭͱ3a. Notice that the wave functions in Figs. 1͑a͒ and 1͑b͒ have totally different spatial symmetry, the former being symmetrical under the interchange of particles and the latter being antisymmetrical. It can also be observed that the wave function in Fig. 1͑b͒ is not isotropic and it has nodes along several directions.
In order to analyze the pairing state we look at the binding energy (⌬) and the coherence length () for both electron and hole cases. The essential difference between these two cases is that the sign of the hopping parameter t in the EHH, has been taken to be equal to Ϫ1 for electrons and ϩ1 for holes. The numerical diagonalizations in the mapped lattice were performed on a truncated triangular lattice of 2269 effective states. The matrix sizes for numerical diagonalization were chosen as the minimum size so that the physical quantities have no important variation with matrix size.
The binding energy has been calculated from the difference of energies between the lowermost pairing state ͑zero center-of-mass linear momentum͒ and the original lower band edge when there is no electron-electron interaction. The coherence length is defined 8 as ϭ͗R 2 ͘ 1/2 , where
is the mean-square radius of a pair and (R) is the amplitude of the pair wave function when the vector of internal coordinates of the pair is R. In fact, would be reduced to the usual BCS coherence length by introducing a numerical factor of 2ͱ2/. 8 In Figs. 2͑a͒ and 2͑b͒ , the binding energy and the coherence length as functions of U ͑for Vϭ0) for singlets of electrons and of holes in a triangular lattice are compared with those in a linear chain and in a square lattice. Notice first that, for a given U, the binding energy between electrons increases as the coordination number (Z) is reduced because the kinetic energy is proportional to Z. In general, ⌬ϷUϪ2Zt for a very strong interaction regime, when frustration is absent. For triangular lattices, it is noted that the pairing strength between holes is always stronger than the electron case. This asymmetry is caused by the frustration of antibonding states. In fact, the enlarged binding energy between holes could be understood by considering its behavior in the strong interaction regime where the pairing-state energy for both electrons and holes goes like U while the noninteracting lower band edge is reduced for holes due to the frustration, therefore enhancing the hole binding energy. For the other extreme of interactions, this asymmetry is also expected since it is well known in both BCS theory 9 and in the single impurity in the tight-binding scheme 10 that ⌬ϷC exp͓Ϫ1/(͉U͉ d )͔ for small U, where C is a positive constant and d is the density of states at the band edge. Therefore the binding energy ⌬ is larger for holes, since the d for holes is larger than that of the electrons due to frustration. Finally we mention that in Fig. 2͑a͒ an exponential increase of ⌬ as a function of U is observed in the weak interaction regime.
In Figs. 3 and 4 the binding energy and the coherence length versus V ͑for Uϭ0) are shown for singlets and triplets, respectively. Notice that in triangular lattices the pairing asymmetry between holes and electrons is still present for nearest-neighbor interactions, being stronger for hole pairing. Furthermore, the hole-singlet ground state has a twodimensional behavior in the weak interaction regime and a linear chain behavior in the other extreme. This change of behavior is due to a change of the nature of the ground state, i.e., in the weak interaction regime the ground state has a wave function like that shown in Fig. 1͑a͒ and a new one containing a node at the central site ͑self-energy U in Fig. 1 of Ref. 7͒ for strong interactions. This singlet wave function containing a central node becomes the ground state since the appearance of the central node increases the amplitudes significantly at its first neighbors when the interaction V is strong enough. Therefore, the linear-chain behavior of the binding energy is mainly due to the ring-like localization of the wave function in the space of states.
On the other hand, it can be observed in Fig. 4 that the hole triplets in triangular lattices have a very large binding energy, even larger than the linear-chain case and holesinglet case ͑see Fig. 3͒ . In order to analyze the nature of hole pairing, a pairing phase diagram of the two-hole ground state for all interaction regimes is shown in Fig. 5 . We can see that the hole pairs are singlets when U is dominant, while they are triplets in the V-dominant region. The transition between singlet and triplet bound states in the strong interaction regime can be obtained analytically by evaluating the ground-state energies corresponding to both spatially symmetric and antisymmetric wave functions, which are similar to those shown in Fig. 1 , except that the amplitudes of the wave functions decay rapidly with R, i.e., only the states with self-energies U and V ͑see Fig. 1 of Ref. 7͒ have amplitudes significantly different from zero. Hence, it is assumed that in the strong interacting limit the ground-state wave function for singlets (͉s͘) has an amplitude C at the central site, A at its nearest neighbors, and zero at the other sites. Likewise, the triplet wave function (͉a͘) has zero amplitude at all sites except at the mentioned nearest neighbors where alternating amplitudes B and ϪB along the nearestneighbor ring are found.
The ground-state energy for both symmetric and antisymmetric cases are given by E s ϭ͗s͉H͉s͘ϭUC 2 ϩ6VA 2 ϩ24tACϩ24tA 2 and E a ϭ͗a͉H͉a͘ϭ6VB 2 Ϫ24tB 2 , respectively.
The normalization condition gives CϭϮͱ1Ϫ6A 2 and B 2 ϭ 1 6 . Therefore, at the singlet-triplet phase transition (E s ϭE a ) we have ϪUϩVϪ4tϪ6A 2 (V ϪUϩ4t)Ϯ24tAͱ1Ϫ6A 2 ϭ0. The condition to obtain a solution for A in real space is UϭVϪt. This result is in very good agreement with the numerical results shown in Fig. 5 . Finally, the transition between triplet and nonpairing states occurs exactly at Vϭ0 because there is no influence of U on the triplet formation.
In summary, we have studied the pairing problem between electrons and between holes in a triangular lattice by means of an attractive Hubbard Hamiltonian. The original many-body problem has been mapped onto an equivalent impurity tight-binding one. The pairing behavior in triangular lattices has been investigated by analyzing the binding energy, the coherence length, and the phase diagram for the ground state. It is observed that the pairing strength of holes is always stronger than the electron case, due to the frustration of antibonding states. It means that a simple geometrical modification could enhance the hole-pairing process. Furthermore, in a wide region where attractive nearest-neighbor interaction is dominant, hole ground states are triplets, instead of singlets. Although no triplet superconductivity has been observed until recently, triplet fermion pairing is well known. For instance, the superfluid state of 3 He 11 where the fermionic 3 He atoms form p-wave spin-triplet pairs. Another interesting result is that the triplet ground state has directional nodes, i.e., the corresponding wave function of pairs has a null amplitude along several directions. This result could be important since the observation of d-wave pairing symmetry has been reported recently, 12 where directional nodes or a phase shift of predicted by the d x 2 Ϫy 2 pairing state is found. It is important to stress that in spite of the similitude between the triplet hole ground state in triangular lattices and d-wave pairing symmetry observed in cuprate superconductors they have essential differences. First, the hole ground state pairing in cuprate superconductors is a spin-singlet instead of a spin-triplet found in the present work. Furthermore, the number of directional nodes is three for the triangular-lattice case and two for the d x 2 Ϫy 2 pairing state since the value of the center-of-mass angular momentum must be even for singlets and odd for triplets. Finally, the appearance of the directional nodes in the triangular lattice is caused by the triplet pairing and the frustration of antibonding states, while the origin of d-wave superconductivity is not completely clear yet.
The present work could be extended to analyze systems containing more than two particles. The effects of the frustration of antibonding states on the pairing asymmetry between electrons and between holes could be also investigated on other lattices, for example, the face-centered-cubic lattice. Moreover, since the mapping method is a completely real space procedure, it allows us to analyze disordered lattices, where the localization of the wave function could be essential in the pairing process. These studies are currently in progress. 
